Introduction
For the sum of even-order harmonic series there are two known formulas, namely, an explicit Euler formula in terms of Bernoulli numbers and a recursive formula due to Song [1] . The equivalence of these two formulas is demonstrated by means of an easily derived recursive formula for Bernoulli numbers, and the given equivalence gives an inductive proof of Euler's formula.
The object of this note is to give a very simple proof of the equivalence of two formulas for the sum of even-order harmonic series:
The first one is Euler's explicit formula in terms of Bernoulli numbers (see, for example, Knopp [2, p. 237]):
The second is a recursive formula discovered by Song [1] :
This recursive formula for Sk was also derived by Benyi [3] who used a limiting argument arising from certain trigonometric polynomials. The equivalence proof between (2) and (3) [5] ). However, our method has the flavour of a standard transformation often used in connection with continuous uniform probability distributions.
Another elementary prooffor 51
Let 0 < Xi < 1 (i = 1, 2) and consider the geometric series
We will evaluate the integral in (4) 
To evaluate II and 12 we make the transformation u = sin ¢ and v = cos ¢ tan 0, which has the Jacobian cos 2 ¢ sec 2 0, and
For II obviously, 0~¢~:n/6, and v~u is cos </J sec 0 equivalent to tan 0~tan </J or 0~0~</J so that 
THE MA THEMA TICAL GAZETTE Consequently, (6) and (7) combined with (4) and (5) 
Moreover, let f (x) = e"12 -e-x12 , g (x) = !x and h (x) = e"12 + e-x12 . 
The preceding relation can be written as
which is equivalent to (8).
We now use (8) to show the equivalence proofs of the two formulas for the even-order harmonic series Sk. The equivalence of (2) and (3) and their inductive proofs are given now.
Theorem: Formulas (2) and (3) are equivalent.
Proof Before proving the asserted claim we rewrite (8) in the form
We first show that (2) 
implies (3). Substituting B2k in terms of Sk
(including when k = j) and other constants from (2) in (9) and rearrangement of terms produces (3) . To see that (3) implies (2) we first note that
and substituting this in (3) for k = 2, and using (9), gives (2) for k = 2.
Now suppose that we have verified (2) from (3) for I <i .;;; k -1. Then substituting Sj into the right-hand side of (3), we obtain
and, using (9), we see from (3) that Sk is given by the formula in (2). Now we will give formal inductive proofs of (2) (2) is true for I .;;;j .;;; k -I then, as noted above, substitution in (3) and using (9) again gives the formula for Sb and the inductive equivalence is complete.
Remark: Since the validity of (3) has been shown by Song [1] without any recourse to Euler's formula (2) , hence the last induction that (3) implies (2) truly becomes the inductive proof of Euler's formula (2) . It should be noted, however, that (3) has the advantage that one finds S, without finding B2k• n 2~n6 For example, (3) gives S, 6' S2 90' S3 = 945' etc.
